Optical Coalescence and Applications in Cavity Quantum Electrodynamics 
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We investigate a hitherto largely unexplored regime of cavity quantum electrodynamics in which 
a highly-reflective element positioned between the end-mirrors of a typical Fabry-Perot resonator 
strongly modifies the cavity response function, such that two longitudinal modes with different 
spatial parity are brought close to frequency degeneracy. We examine applications of this generic 
'optical coalescence' phenomenon for the generation of enhanced photon-phonon nonlinearities in 
optomechanics and atom-photon nonlinearities in cavity quantum electrodynamics with strongly- 
coupled emitters. 
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A Fabry-Perot resonator containing a scattering ele- 
ment between its two end-mirrors represents a paradig- 
matic system for fundamental ligbt-matter interaction 
studies, as investigated, e.g., in cavity quantum elec- 
trodynamics (CQED) [1] and cavity optomechanics [2]. 
The theoretical description of light in high-finesse cavi- 
ties, i.e., cavities that possess resonances spaced signifi- 
cantly further apart than their individual widths, is well- 
established and the modification of the bare cavity re- 
sponse induced by the presence of a scatterer has been 
exploited in different regimes, distinguished by the scat- 
terer's reflectivity. In a first regime, a low-reflectivity 
scatterer, e.g., an atom, is coupled to a single optical 
mode that spans the entire cavity. This coupling may be 
used, for instance, to engineer well-controlled and strong 
interactions between single atoms and single quanta of 
light for fundamental tests of quantum mechanics, quan- 
tum information processing, and metrology [1, 3]. At 
the opposite end of the scale, the interaction of cavity 
fields with massive movable scatterers, as studied in op- 
tomechanics, allows for a rich variety of tools to mea- 
sure and control mechanical motion [2]. The case of 
a harmonically-bound highly-reflective central element, 
such as a thin, partially transmitting membrane [4-8] , is 
generally described by means of two spatially-separated 
cavity modes coupled through photon tunneling. Such 
a system may be used for quantum non-demolition mea- 
surements [9] and the observation of jumps in the oc- 
cupation number of the oscillator [4, 10, 11], tests of 
the Landau-Zener effect [12], the generation of nonclas- 
sical states of motion [13], quantum information process- 
ing [14, 15], etc. 

In this paper we use the transfer matrix formalism, 
as used recently to unify these two regimes [16], to go 
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FIG. 1. (Color online) (a) Optical cavity with a middle re- 
flector of polarizability i^m, accommodating odd (red) and 
even (blue) modes that couple to outside "left" and "right" 
modes, (b) Cavity transmission spectra over three free spec- 
tral ranges, illustrating the strong shift of the odd resonances 
toward the even ones as the reflectivity is increased, (c) Trans- 
mission spectra (solid black curves) for increasing JCmj. The 
dashed curves denote the "bare" resonances. 'Mode-pulling' 
effects can be seen by comparing the positions of these res- 
onances and the peaks of the transmission. At coalescence 
{C,^ is defined in the text) one finds a single peak with close 
to unity transmission over an increased bandwidth. Past this 
point the maximum transmission is reduced below unity. 



beyond the high- reflectivity case as previously investi- 
gated and address the situation where the reflectivity 
of the middle mirror is increased well past that of the 
cavity mirrors. We unravel new aspects of CQED in 
the situation where adjacent bare cavity resonances are 
strongly pulled together, leading eventually to an optical 
coalescence phenomenon, in which pairs of adjacent res- 
onances with different spatial parity become almost de- 
generate. The interference between these modes modifies 
the cavity response in a non-trivial fashion. In particular, 
close to the coalescence point, high transmission can be 



achieved over a bandwidth significantly larger than the 
bare cavity linewidth. While this mechanism alone could 
be relevant for practical applications of optical cavities 
in interferometry and, e.g., the realization of white-light 
cavities [17], we show that it also has interesting impli- 
cations for cavity optomechanics as well as CQED with 
two-level emitters: (i) On the optomechanical side we 
examine the case of a cavity containing a movable re- 
flector where the cavity field couples quadratically to the 
mirror motion. Owing to a coalescence-induced pulling 
of the resonance frequencies, we show that the intrinsic 
quadratic optomechanical coupling is strongly enhanced 
as compared to the situations envisaged in standard op- 
tomechanical models [2, 4, 5, 16]. (ii) On the CQED side, 
we show that the dynamics of a weakly-driven two-level 
quantum emitter strongly coupled to such a cavity differs 
from that predicted by the standard single-mode Jaynes- 
Cummings (SMJC) model. In the good-cavity limit, 
when the emitter's dissipation rate is larger than the cav- 
ity field decay rate, the system can operate as a photon 
turnstile device, with strong antibunching and bunch- 
ing observed in the cavity transmission and reflect ion 
spectrum, respectively, over a large bandwidth around 
the emitter's resonance frequency. This provides an al- 
ternative topology to microtoroid photon turnstile de- 
vices, which involve scattering between quasi-degenerate 
counter-propagating optical modes [18]. Overall, our re- 
sults show that optical coalescence could provide an al- 
ternative route towards achieving strong optomechanical 
nonlinearities [11, 12, 15, 19, 20] or the dynamical control 
of light at the quantum level [18, 21]. 
Model. — Let us consider a cavity of length L consist- 
ing of two mirrors with polarizability ^ < 0, related to 
the amplitude reflectivity through r — ~i(^/(l — i^), and 
a middle reflector with polarizability Cm, cf. Fig. 1(a). 
We assume that the mirrors are lossless (i.e., described 
by real polarizabilities) and that the middle reflector 
has a thickness smaller than the wavelengths considered, 
themselves much smaller than L. We make use of the 
transfer matrix formalism for one-dimensional scatterers 
to solve the Helmholtz equation [16, 22], and compute 
the transmission function of the system for general val- 
ues of C and Cm. For an empty cavity with sufficiently 
good mirrors the transmission spectrum consists of well- 
separated Lorentzian peaks with frequencies given by 
a;„ = (c/L) [{n - 1)tt + cos"! (C/y/T +C^)] {n =1,2,...) 
and linewidth k = c/{2L\(\ •\/l~+~C^). In the presence of 
the middle reflector, adjacent resonance frequencies are 
shifted closer together by an amount that depends on its 
position and polarizability [Fig. 1(b)]. When the reflec- 
tor lies exactly at the center of the cavity, as shown in 
Fig. 1(a), the peaks quantified by an even mode num- 
ber ('e', frequency We) are shifted strongly towards the 
odd-numbered ('o', Wq) peaks: 

LJo-iOe~i tan-1 [2C„,/(Cm - 1)] = 2(5 . 

For modest middle-mirror reflectivities the transmission 
peaks have non-overlapping Lorentzian profiles, which 



ensures that they indeed occur at the cavity resonances 
[see Fig. 1(c)]. However, as [Cm| is increased, the fre- 
quency separation between Wq and Wc can become com- 
parable to their linewidth and the two modes begin to 
interfere with each other. In this regime the peaks 
of the transmission are no longer located at the cav- 
ity resonances but at Qc = t [(2n)7r — e_] and Wq — 
jr [(2n -I- l)7r — e+j where 
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The interesting behavior happens around the point where 
Cbc — Cjq, which we dub optical coalescence and which 
is characterized by the merging together of the two 
Lorentzian profiles [see the illustration of the mechanism 
in Fig. 1(c)] thereby giving rise to a qualitatively different 
cavity response. The threshold to this behavior occurs at 
5 — K or, in terms of the polarizabilities, when 



Cm = C = 2C vc^ + 1 • 

As [Cm I is further increased past coalescence, the trans- 
mission attains only one peak, whose value rapidly de- 
creases. A striking feature of the coalescence regime is 
the increased transmission bandwidth. This is reminis- 
cent of white-light cavities familiar in the field of inter- 
ferometric gravitational-wave detection [17], which allow 
the detector to benefit from significant intracavity laser 
power over large bandwidths. 

At this point, we note that the criterion Cm ^ Cm for 
observing coalescence-related effects is rather demanding 
on the quality of the middle reflector, which has to be 
markedly more reflective than the end-mirrors. However, 
this condition may be significantly alleviated through the 
use of a multi-layered reflector [23-25]. Indeed, the ef- 
fective collective polarizability of a multi-layered array 
scales approximately exponentially with the number of 
layers [22, 25]. This yields an effective coalescence thresh- 
old [Cm[ ~ a/C^/2^~2 and implies that each element of 
the middle reflector only needs to be as good as the end- 
mirrors for iV = 2 - or even markedly less for TV > 2 - in 
order to achieve the coalescence condition. 
Simple two-mode m,odel. — Let us now construct a sim- 
ple two-mode Hamiltonian that provides a basis for the 
quantum-mechanical applications of coalescence in the 
context of CQED. As illustrated in Fig. 1(a) adjacent res- 
onances have opposite parities, i.e., if the field profile of 
one resonance is odd, that of the next is even. Our cavity 
is patently double-sided, and therefore each mode couples 
to two infinite baths of harmonic oscillators, one on each 
side of the cavity b\^^{uj). Standard techniques and the 
Markovian assumption [26] allow us to define input (out- 
put) fields &™ (i) as appropriate Fourier transforms 
of h\^,:{uj). A simple argument based on coordinate inver- 
sion shows that the even (odd) mode of the pair couples 
to an even (odd) combination of bath modes. We de- 
fine two cavity modes Oq^c with corresponding frequencies 
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FIG. 2. (Color online) Mode-pulling behavior of adjacent cav- 
ity modes [C, — —10, Cm = —196.6). Shown are two adjacent 
resonances as a function of middle-mirror displacement about 
the center of the cavity. For perfect cavity mirrors, i.e., zero 
linewidth, one obtains the resonances shown by the dotted 
curves. Imperfect cavity mirrors cause an interference effect 
that pulls adjacent modes closer together (solid curves), re- 
sulting in a sharper avoided crossing, and enhanced quadratic 
optomechanical coupling. 



Wo^e = uj ± S, such that the free Hamiltonian is simply 
Ha = {uj — S)alao + {uj + S)alac ■ 

We include the input noise terms for ao,c as the two lin- 
ear combinations [f'i"(0 ± b"^{t)]/^/2. Assuming driving 
through a given mirror at a frequency il, we can calcu- 
late the cavity transmission at the other mirror under 
steady-state conditions, obtaining 



T{n) = 



K + i{uj — (5 — 0) K + i{ijj + 5 — Vl) 



This simple expression, in excellent agreement with 
the spectra of Fig. 1(c), obtained from the full nu- 
merics, clearly shows the interference between the two 
Lorentzians as one approaches coalescence. 
Nonlinear optomechanics. — Let us now consider a first 
application of optical coalescence to the field of optome- 
chanics, by including a mechanical degree of freedom (dis- 
placement a:) for the middle mirror. When the equi- 
librium position of the mirror is at the centre of the 
cavity, the photon-phonon coupling is quadratic in x, 
corresponding to a dependence of the cavity resonance 
frequency on x^. Such a quadratic optomechanical cou- 
pling has been proposed, e.g., to perform quantum non- 
demolition measurements (QND) of the phonon num- 
ber operator [9], possibly resolving single-phonon quan- 
tum jumps [5, 10, 11]. For a typical cavity operating 
far from coalescence, the resonance frequency can be 
written uj{x) Ri lj + G2 x"^ (where lj is the resonance 
at rest) and the quadratic coupling strength Gj = 
— 2a;'^/(cL)Cin, which scales linearly with the reflector 
polarizability [5, 16]. Membrane-optomechanics exper- 
iments [4, 5, 8] usually operate in the regime |Cm| ^ ICL 
and, although progress in making highly reflective mem- 
branes is ongoing [7, 27] , this quadratic coupling remains 
typically much weaker than the linear coupling. 
In the following we exploit the coalescence mechanism 



to demonstrate a scaling of the quadratic coupling with 
Cm beyond this linear case. To this end, we start with 
our two-mode model described by H^ to which we add 
a displacement-induced tunneling term, governed by the 
tunneling strength gmx: 



H = Ho+ gi^x{alac + OoflJ) 



(1) 



This Hamiltonian has been previously treated (for ex- 
ample in Refs. [11, 20, 23]) and reproduces the trans- 
fer matrix results in a quasi-static picture. The 
transmission peaks occur at w ± n±{x)^ with D,± = 
i\/^^ + {9mx)^ — K^, and agree with the exact numer- 
ically calculated £l'o(c)- Comparison with Ref. [16] pro- 
vides an expression for the tunneling parameter appear- 
ing in Eq. (1): 



g^ = (2c./L){(Cn/2) tan-i [2Cnr/(d - 1)] } 



1/2 



In the limit of small displacements, ^m l^;] ^ \/S'^ — k^, 
one obtains the quadratic optomechanical coupling 
strength 



G2(Cm) 



2e 



vCm ~ Cr 



--G 



(0) 



In the two-fold limit of good cavity mirrors {\(\ ^ 1) 
and away from coalescence (|(^m| <C C^)j this expression 
reduces to the couphng 6*2 (Cm) — ^ Gj ■ As one ap- 
proaches coalescence, however, one observes a dramatic 
increase in the coupling strength. The physical mecha- 
nism at the basis of this enhancement is the coalescence- 
induced mode-pulling mechanism illustrated in Fig. 2, 
where the presence of a nearby mode 'pulls' a second 
mode towards the former. An analogy can be drawn be- 
tween the mechanism we explore here, which amplifles 
the quadratic coupling through an interference between 
two longitudinal modes, and the use of multiple trans- 
verse modes [5] to achieve the same. However, as can 
be seen from the expression for fl± , the displacement re- 
gion over which this enhancement is obtained becomes 
smaller, and ultimately vanishes, as one approaches coa- 
lescence. One can easily show that the quadratic expan- 
sion is valid as long as G2(Cm)/G2 <^ 2/(77 ICm|), where 
77 = 27r |x| /A is the Lamb-Dicke parameter. For typical 
membrane-based optomechanical experiments experienc- 
ing zero-point fluctuations over ~ fm length-scales and 
for ~ 1 |i.m wavelengths, the enhancement can still be of 
several orders of magnitude. For a stack of two ~100ng 
membranes with frequency 27r x 100 kHz and Cm ~ ~10, 
the enhancement reaches ~ 10^ for ground state-cooled 
membranes and ^ 10"^ for membranes at 4 K. We stress 
that the enhancement found in this work purely arises 
from a full treatment of the static properties of the sys- 
tem and further note that the application of the Hamil- 
tonian in Eq. (1) to typical optomechanical situations 
with mechanical resonators vibrating at some frequency 
Wm can give rise to rich dynamical effects. In the good- 
cavity limit ujm 3> K, one expects the fast mechanical 




-15 -10 -5 5 10 15 20 
Detuning, A/k 



■20 -15 -10 -5 5 10 15 20 
Detuning, A//i 



FIG. 3. (Color online) (a) Single-excitation subspace of the 
dressed state energy levels for a strongly-coupled two-level 
atom interacting with weakly pumped cavity modes. See text 
for the definitions of the kets. (b) Left: Spectra for the anti- 
symmetric (upper) and symmetric (lower) modes around the 
atomic resonance. Right: Corresponding values of ^"'(O) as 
function of the detuning. Values below the dotted lines de- 
note antibunching. A is defined as the difference between the 
driving frequency and to. {g = lOy/2 k, 7 — 5k, and S — k, 
photon pumping rate 0.03 k.) 



oscillator to mediate strong interactions between the two 
optical modes, which can be used, e.g., for achieving en- 
hanced nonlinearities [11, 15] or displacement sensitiv- 
ity [20]. Such 'dynamical' effects are expected to give 
rise to interesting behavior around the coalescence regime 
and will be examined elsewhere. 

Cavity QED. — We now turn to the application of optical 
coalescence to cavity QED with emitters. We focus on 
the strong-coupling regime of CQED in which the intrin- 
sic nonlinearity of a saturable two-level emitter is mani- 
fest [18, 21]. Let us assume for simplicity that a two-level 
emitter is placed into the half-cavity where the two modes 
have identical spatial profiles, i.e., on the left in the case 
of the system illustrated in Fig. 1(a). The emitter there- 
fore couples to these modes with an equal coupling rate 
g I \/2. The emitter resonance frequency uj is assumed to 
lie mid-way between the two cavity mode frequencies at 
uj±5. The coherent dynamics of the system are described 
by the free Hamiltonians Hq for the fields and a;cr+cr_ 
for the emitter, supplemented by the Jaynes-Cummings 
interaction Hamiltonian: 



^JC = ^k-- 



a 

\/2 



{ala- 



CcCr+J 



The non-unitary dynamics are described via the associ- 
ated master equation, where for a general decay process 
at rate F with operator O the associated Liouvillian is 
C{p) = (F/2)(20pOt _ 00^ p - pO'^O). The incoherent 
baths for our particular systems are described by rates 
{7, K, k}, respectively, corresponding to the collapse op- 
erators {(T_,ao,ao}. We define as well the symmetric 
and antisymmetric field operators a^ = (ao + ao)/v2 and 
fla = (tto - ao)/y2- 



These dynamics can be solved numerically for different 
driving conditions of the cavity, but in order to draw 
a parallel with the strong-coupling regime of the SMJC 
model, we diagonalize the Hamiltonian in the single- 
excitation (weak driving) limit and look at the dissipation 
in the dressed-state basis. The energy levels, as shown in 
Fig. 3(a), are e± = uj ± \Jg'^ + 5'^ and eo = w. The associ- 
ated eigenstates are obtained by applying to the ground 
state of the system ]0) = JgOO) the Hermitian conjugates 
of the following three operators: 



P± = rm (f^- ± «s 



and po = fla - ;Tcr- 



„t 



to obtain the states Ji/'i) = P± |0) and [t/iq) = PoJO). 
In the good-cavity limit 7 ^ k, (5, the states of the sys- 
tem are simply two atom-polaritons showing the typi- 
cal vacuum Rabi splitting, supplemented with a light- 
polariton that contains an entangled two-mode field state 
(]glO) — \g01))/V2. The dissipation in the polariton ba- 
sis in the same limit shows the expected SMJC harmonic 
averaging of the decay rates for the atom-polaritons: the 
decay of the two atom-polaritons is governed by C± (p) 
at a rate (k -|- 7)/2, while the dissipative evolution of the 
light-polariton described by the Liouvillian Ca(p) is de- 
coupled from the other polaritons and occurs at the rate 
K, as illustrated in Fig. 3(a). 

The existence of a light-polariton arises from the 
coalescence-induced mode interference and clearly differs 
from the SMJC. We compute numerically the zero-time 
second-order correlation function, g^'^\0), of the out- 
put symmetric and antisymmetric modes for a strongly- 
coupled emitter {g, 7) = (10\/2 k, 5k) at coalescence {S — 
k), as shown in Fig. 3(b). While the symmetric mode 
spectrum resembles a typical SMJC spectrum and dis- 
plays bunching [g'^^^ (0) > 0] at atomic resonance, the an- 
tisymmetric mode exhibits a three-peak spectrum as well 
as strong antibunching around atomic resonance. For a 
cavity pumped on one side, antibunching and bunching 
would then be observed in transmission and reflection, 
respectively; the system would act as a photon turnstile 
device in which the emitter regulates the transmission 
of photons one-by-one. In contrast to photon blockade 
scenarios relying on the anharmonicity of the Jaynes- 
Cummings energy levels [21] or nonlinear cavities [28], 
the dynamical control of the photon transmission here 
comes from the atom-mediated interference between two 
cavity modes. An interesting parallel can be made with 
the experiments of Ref. [18], making use of an atom cou- 
pled to a microtoroidal resonator in which backward- and 
forward-propagating modes are coupled on account of 
scattering losses. A key difference is the possibility of the 
system we discussed to operate in the good-cavity limit, 
which results in a blockade bandwidth of ca. 7 3> k, 
rather than k, as illustrated in Fig. 3(b). We note that 
coalescence-induced interference between dressed states 
at stronger driving could give rise to further interesting 
atom-photon dynamics. 

Concluding remarks. — We have explored a fundamental 
effect in the quantum electrodynamical description of a 



cavity with a partially-transmitting mirror inside it, in 
the limit where this mirror is significantly better than 
the cavity mirrors themselves, and have shown its poten- 
tial for achieving significantly stronger photon-phonon 
coupling in the field of optomechanics, and strong atom- 
photon nonlinearities in CQED. 
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